In this paper, we successfully generalize the eigenvalue comparison theorem for the Dirich- 
Introduction
By using the theory of self-adjoint operators, the spectral properties of the linear Laplacian on a domain in a Euclidean space or a manifold have been studied extensively. Mathematicians generally are interested in the spectrum of the Laplacian on compact manifolds (with or without boundary) or noncompact complete manifolds, since in these two cases the linear Laplacians can be uniquely extended to self-adjoint operators (cf. [10, 11] ). However, the spectrum of the Laplacian on noncompact noncomplete manifolds also attracts attention of mathematicians and physicists in the past three decades, since the study of the spectral properties of the Dirichlet Laplacian in infinitely stretched regions has applications in elasticity, acoustics, electromagnetism, quantum physics, etc. Recently, the author has proved the existence of discrete spectrum of the linear Laplacian on a class of 4-dimensional rotationally symmetric quantum layers, which are noncompact noncomplete manifolds, in [17] under some geometric assumptions therein.
A natural generalization of the linear Laplacian is the so-called p-Laplacian below. Although many results about the linear Laplacian (p = 2) have been obtained, many rather basic questions about the spectrum of the nonlinear p-Laplacian remain to be solved.
Let Ω be a bounded domain on an n-dimensional Riemannian manifold (M, g). We consider the following nonlinear Dirichlet eigenvalue problem
where ∆ p u = div(|∇u| p−2 g ∇u) is the p-Laplacian with 1 < p < ∞. In local coordinates {x 1 , . . ., x n } on M, we have
where
, and (g i j ) = (g i j ) −1 is the inverse of the metric matrix.
A well-known result about the above nonlinear eigenvalue problem states that it has a positive weak solution, which is unique modulo the scaling, in the space W 1,p 0 (Ω), the completion of the set C ∞ 0 (Ω) of smooth functions compactly supported on Ω under the Sobolev norm u 1,p = { Ω (|u| p + |∇u| p )dΩ} 1 p . For a bounded simply connected domain with sufficiently smooth boundary in Euclidean space, one can get a simple proof of this fact in [2] . Moreover, the first Dirichlet eigenvalue λ 1,p (Ω) of the p-Laplacian can be characterized by By using spherically symmetric manifolds as the model spaces and applying a similar method to that of the proof of theorem 3.6 in [9] , we give a Cheng-type eigenvalue comparison result for the first eigenvalue of the p-Laplace operator in Section 3 -see Theorem 3.2 for the precise statement.
Besides the p-Laplacian, we also investigate the heat equation in this paper. Given an ndimensional Riemannian manifold M with associated Laplace-Beltrami operator ∆. Then we are able to define a differential operator L, which is known as the heat operator, by
acting on functions in C 0 (M × (0, ∞)), which are C 2 w.r.t. the variable x, varying on M, and C 1 w.r.t. the variable t, varying on (0, ∞). Correspondingly, the heat equation is given by
with u ∈ C 0 (M × (0, ∞)). The heat equation, which can be used to describe the conduction of heat through a given medium, and related deformations of the heat equation, like the diffusion equation, the Fokker-Planck equation, and so on, are of basic importance in variable scientific fields.
In fact, by applying volume comparison results proved by Freitas, Mao and Salavessa in [9] , we can obtain an upper and lower bound for the heat kernel, which can be seen as an extension to the existing results -see Theorem 6.5 for the precise statement.
The paper is organized as follows. In the next section, we will give some preliminary knowledge on the model spaces. Theorem 3.2 will be proved in Section 3. By using Theorem 3.2, some estimates for the first eigenvalue of the Dirichlet p-Laplacian of a geodesic ball on a complete Riemannian manifold with a radial Ricci curvature lower bound w.r.t. some point will be given in Section 4. Some fundamental truths about the heat equation will be listed in Section 5. In Section 6, we will prove Theorem 6.5 and give new ways to prove the most part of two generalized eigenvalue comparison results in [9] . In fact, this paper is based on a part (Section 2.7 of Chapter 2, Chapter 3) of the author's Ph.D. thesis [18] .
Geometry of the model spaces and generalized Bishop's volume comparison results
One of the purposes of this paper is to give some inequalities for the first eigenvalue of the pLaplace operator. In order to state our results here, we need to use some notions below, which have been introduced in [9, 18] in detail. For any point q on an n-dimensional (n ≥ 2) complete Riemannian manifold M with the metric ·, · M and the Levi-Civita connection ∇, we can set up a geodesic polar coordinates (t, ξ ) around this point q, where ξ ∈ S n−1 q ⊆ T q M is a unit vector of the unit sphere S n−1 q with center q in the tangent space T q M. Let D q , a star shaped set of T q M, and d ξ be defined by
is the unique minimal geodesic joining q and γ ξ (t)}.
Then exp
with Cut(q) the cut locus of q, which is a closed set of zero n-Hausdorff measure. For η ∈ ξ ⊥ , we can define so-called the path of linear transformations
with ξ ⊥ the orthogonal complement of {Rξ } in T q M, where τ t : T q M → T exp q (tξ ) M is the parallel translation along the geodesic γ ξ (t) with γ ′ (0) = ξ , and Y (t) is the Jacobi field along γ ξ satisfying
where the curvature tensor
is a self-adjoint operator on ξ ⊥ , whose trace is the radial Ricci tensor
Clearly, the map A(t, ξ ) satisfies the Jacobi equation A ′′ +RA = 0 with initial conditions A(0, ξ ) = 0, A ′ (0, ξ ) = I, and by applying Gauss's lemma the Riemannian metric of M can be expressed by
on the set exp q (D q ). We consider the metric components g i j (t, ξ ), i, j ≥ 1, in a coordinate system {t, ξ a } formed by fixing an orthonormal basis {η a , a ≥ 2} of ξ ⊥ = T ξ S n−1 q , and extending it to a local frame {ξ a , a ≥ 2} of S n−1 q . Define a function J > 0 on D q by
is an isometry, we have
and so,
So, by applying (2.1) and (2.2), the volume V (B(q, r)) of a geodesic ball B(q, r), with radius r and center q, on M is given by
where dσ denotes the (n − 1)-dimensional volume element on
Besides, for r < in j(q), by (2.3) we can obtain
Denote by r(x) = d(x, q) the intrinsic distance to the point q ∈ M. Then, by the definition of a non-zero tangent vector "radial" to a prescribed point on a manifold given in the first page of [14] , we know that for x ∈ M\(Cut(q) ∪ q) the unit vector field
is the radial unit tangent vector at x. This is because for any ξ ∈ S n−1 q and t 0 > 0, we have ∇r(γ ξ (t 0 )) = γ ′ ξ (t 0 ) when the point γ ξ (t 0 ) = exp q (t 0 ξ ) is away from the cut locus of q (cf. [12] ). Set
Then we have l(q) = max ξ d ξ (cf. Section 2 of [9] ). Clearly, l(q) ≥ in j(q). We also need the following fact about r(x) (cf. [21] , Prop. 39 on p. 266),
with ∂ r = ∇r as a differentiable vector (cf. [21] , Prop. 7 on p. 47 for the differentiation of ∂ r ). Then, together with (2.2), we have
The facts (2.5) and (2.6) make a fundamental role in the derivation of the so-called generalized Bishop's volume comparison theorem I below (cf. [9, 18] ). We use spherically symmetric manifolds as our model spaces, which can be defined as follows.
, is said to be spherically symmetric with respect to a point q ∈ Ω, if the matrix
So, by (2.1), on the set Ω given in Definition 2.1 the Riemannian metric of M can be expressed by
with |dξ | 2 the round metric on the unit sphere S n−1 ⊆ R n . Spherically symmetric manifolds were named as generalized space forms by Katz and Kondo [14] , and a standard model for such manifolds is given by the quotient manifold of the warped product [0, l) × f S n−1 equipped with the metric (2.7), where f satisfies the conditions of Definition 2.1, and all pairs (0, ξ ) are identified with a single point q (see [1] ). More precisely, an n-dimensional spherically symmetric manifold M * satisfying those conditions in Definition 2.1 is a quotient space M * = [0, l) × f (t) S n−1 / ∼ with the equivalent relation "∼" given by
This relation is natural, and we can just use [0, l) × f (t) S n−1 to represent this quotient. That is to say, M * = [0, l) × f (t) S n−1 with f (t) satisfying conditions in Definition 2.1 is a spherically symmetric manifold with q the base point and (2.7) as its metric. This metric is of class l) ) and of class C k+3 at t = 0, with vanishing 2d-derivatives (i.e. even-order derivatives or derivatives of order 2d) at t = 0 for all 2d ≤ k + 3 (see [21] p.13). Besides, if l = +∞, then M * has a pole at p = {0} × f S n−1 , and vice versa. If l = +∞ and the metric is of class C 2 , then by proposition 38 of chapter 7 in [20] , we know that geodesics emanating from q are defined for all t ∈ R, which implies that M * is complete by the Hopf-Rinow theorem. If l is finite and f (l) = 0, then M * "closes". Besides, we are able to define a one-point compactification metric space M * = M * ∪ {q * } by identifying all pairs (l, ξ ) with a single point q * , and extending the distance function to q * such that d(q * , (t, ξ )) = l − t, where, for a fixed t, (t, ξ ) can be used to represent a geodesic sphere ∂ B(q,t) of radius t centered at q. Furthermore, if the metric (2.7) can be extended continuously to the closing point, that is, at t = l, f is C 3 with f ′ (l) = −1 and f ′′ (l) = 0, then this one-point compactification metric space will be a Riemannian metric space.
As the case of t = 0, if f is of class C k+3 (k ≥ 0) at t = l, with vanishing 2d-derivatives at t = l for all 2d ≤ k + 3 (of course, f (l) = 0, f ′ (l) = −1 are included here), then the metric is of C k at the closing point t = l. Arguments similar to this part about the regularity of the model spaces, spherically symmetric manifolds, can also be found in [9, 18] , but we still would like to recall these fundamental geometric properties here, which are necessary and convenient for us to explain and try to prove the results of this paper. For M * and r < l, by (2.3) we have
and moreover, by applying the co-area formula, the volume of the boundary ∂ B(q, r) is given by
where w n denotes the (n − 1)-volume of the unit sphere S n−1 ⊆ R n . A space form with constant curvature k is also a spherically symmetric manifold, and in this special case we have
Under some constraints on the regularity of the warping function f , Freitas, Mao and Salavessa have proved an asymptotical property for the first eigenvalue of the linear Laplacian on spherically symmetric manifolds (cf. lemma 2.5 in [9] ). By using a similar method, we can improve it to the case of the nonlinear Laplace operator as follows.
Lemma 2.2. Assume M is a generalized space form
Proof. Here we would like to follow the idea of lemma 2.5 in [9] to prove our lemma. More precisely, we try to find a sequence {φ m } with φ m ∈ W 
for n = 2, and
is Lipschitz continuous on all M with |∇r| ≤ 1 a.e..
Assume that n = 2. By the assumptions on f and the Taylor's formula, we have
Besides, since for s close to l, η(s) is bounded, there exists a constant B 1 > 0 such that for m large enough, we have |η(s)| ≤ B 1 , which implies
Hence, together with (1.2), we have lim
Now, assume that n ≥ 3. First, by the construction of φ m above, we have for 1
On the other hand, let
By applying the Taylor's formula for s close to l, we have
For a sufficiently small ε > 0, there exists a constant B 2 > 0 such that |ψ(s, l)| ≤ B 2 for |l − s| < ε.
Let R m = l − α m with 0 < α < 1 a sufficiently small constant, and then, for 1 < p < 3, we have
Hence, together with (1.2), we have lim r→l − λ 1,p (B(q, r)) = 0 for 1 < p < 3 as n ≥ 3. Our proof is finished.
We also need the following notions, which can be found in [9, 18] .
Definition 2.3. Given a continuous function k : [0, l) → R, we say that M has a radial Ricci curvature lower bound (n − 1)k along any unit-speed minimizing geodesic starting from a point q ∈ M if
where Ricci is the Ricci curvature of M. 
Definition 2.4. Given a continuous function k : [0, l) → R, we say that M has a radial sectional curvature upper bound k along any unit-speed minimizing geodesic starting from a point q
we know that the inequalities (2.8) and (2.9) become Ricci(
, respectively. Besides, for convenience, if a manifold satisfies (2.8) (resp., (2.9)), then we say that M has a radial Ricci curvature lower bound w.r.t. a point q (resp., a radial sectional curvature upper bound w.r.t. a point q), that is to say, its radial Ricci curvature is bounded from below w.r.t. q (resp., radial sectional curvature is bounded from above w.r.t. q).
For a prescribed n-dimensional complete manifold M, we would like to construct the optimal continuous functions k ± (q,t) w.r.t. a given base point q ∈ M, satisfying Definitions 2.3 and 2.4, respectively. We first recall that, for ξ ∈ S n−1 q ⊆ T q M, γ ξ (t) = exp q (tξ ) and its derivative γ ′ ξ (t) are depending smoothly on the variables (t, ξ ).
and
If l(q) < +∞, the above functions can be continuously extended to t = l(q) and t = in j(q), respectively. Furthermore, if M is closed, the injectivity radius in j(M) := min q∈M in j(q) of M is a positive constant. Clearly, in this case k ± (q,t) are continuous, which can be obtained by applying the uniform continuity of continuous functions on compact sets. Therefore, for a bounded domain Ω ⊆ M, one can always find optimally continuous bounds k ± (q,t) for the radial sectional and Ricci curvatures w.r.t. some point q ∈ Ω. This implies that the assumptions on curvatures in Definitions 2.3 and 2.4 are natural and advisable. Especially, when M is a complete surface, then k ± (q,t) defined by (2.10) and (2.11) are actually the minimum and maximum of the Gaussian curvature on geodesic circles centered at q of radius t on M. Now, we would like to give explicit expressions of the radial sectional and Ricci curvatures for any spherically symmetric manifold. To this end, we should use some facts about the warped product given in [20, 21] .
By proposition 42 and corollary 43 of chapter 7 in [20] or subsection 3.2.3 of chapter 3 in [21] , we know that the radial sectional curvature, and the radial component of the Ricci tensor of the spherically symmetric manifold M * = [0, l) × f (t) S n−1 with the base point q are given by
(2.12) Thus, Definition 2.1 (resp., Definition 2.3) is satisfied with equality in (2.8) (resp., (2.9)) and k(t) = − f ′′ (t)/ f (t). From (2.12), we know that, in order to define curvature tensor away from q, we need to require f ∈ C 2 ((0, l)). Furthermore, if f ′′ (0) = 0, and f is C 3 at t = 0, then we have lim t→0 k(t) = − f ′′′ (0). Although ∇r is not defined at x = q, k(t) is usually required to be continuous at t = 0, which is equal to require f to be C 3 at t = 0. When n = 2, M * is a surface, and if | f ′ (t)| ≤ 1, then the mapping 2 , defines an isometric embedding of M * into a surface of revolution in R 3 . If the Gaussian curvature of M * is negative at q, then no such local embedding exists near the base point q, since f ′ (t) > 1 near t = 0 (see (2.12) ).
Define a function θ (t, ξ ) on M\Cut(q) as follows 14) and equality occurs in the first inequality at t 0 ∈ (0, β ) if and only if
A Cheng-type isoperimetric inequality for the p-Laplace operator
We need the following proposition, which will be used in the proof of Theorem 3.2 below.
Proposition 3.1. Let T (t) be any solution of
where f (t) > 0 on the interval (0, β ). Then for ℜ = T ′ we have that ℜ|(0, β ] < 0 whenever we are given that T |(0, β ) > 0, and λ > 0.
Proof. Since f (t) > 0 on the interval (0, β ), and
the claim of the proposition follows.
Denote by B(q, r 0 ) the open geodesic ball with center q and radius r 0 of an n-dimensional Riemannian manifold M with a radial Ricci curvature lower bound (n − 1)k(t) w.r.t. a point q ∈ M, and let V n (q − , r 0 ) be the geodesic ball with center q − and radius r 0 of an n-dimensional spherically symmetric manifold M − with respect to the point q − defined by
We always assume r 0 < min{l(q), l} with l(q) defined in (2.4). In fact, we can prove the following.
Theorem 3.2. Suppose M is a complete n-dimensional Riemannian manifold with a radial Ricci curvature lower bound
w.r.t. a point q, and M − is an n-dimensional spherically symmetric manifold with respect to a point q − whose metric is given by (2.7). Then, for 1 < p < ∞, we have Proof. Let φ be the nonnegative eigenfunction of the first eigenvalue of the Dirichlet p-Laplacian on V n (q − , r 0 ). By (1.1) and (2.7), the p-Laplacian on the spherically symmetric manifold M − under the geodesic polar coordinates at q − is given by
where △ p,S n−1 denotes the p-Laplacian on the (n − 1)-dimensional unit sphere S n−1 . Then the eigenfunction φ should be a radial function satisfying
and the boundary conditions φ (r 0 ) = 0, φ ′ (0) = 0. Clearly, (3.3) has the form of (3.1). Let r be the distance to the point q on M, and then φ • r vanishes on the boundary ∂ B(q, r 0 ). Hence, by (1.2), we obtain
where we drop B(q, r 0 ) and volume element dB(q, r 0 ) for the above expression. Let a(ξ ) := min{d ξ , r 0 }. Then, clearly, a(ξ ) ≤ r 0 and exp q (d ξ · ξ ) is the cut-point of q along the geodesic γ ξ (t) = exp q (tξ ). Under the geodesic polar coordinates (t, ξ ) around q ,we have
where dσ is the canonical measure of S n−1 ≡ S n−1 q , and θ (tξ ) := det(g i j ) × f 1−n (t). On the other hand, since f (t) > 0, φ ≥ 0 for 0 < t < r 0 , by Proposition 3.1 we have φ ′ (t) ≤ 0 for 0 < t < r 0 . By straightforward computation, it follows that
, which coincides with the function θ defined in (2.13). Substituting this to (3.5) results in
Since M has a radial Ricci curvature lower bound (n −1)k(t) = −(n −1) f ′′ (t)/ f (t) w.r.t. the point q, then by Theorem 2.6, (2.6) and the fact f (0) = 0, f ′ (0) = 1, we have
for 0 < t < r 0 . Therefore, by (3.3), (3.6), (3.7) and the nonpositivity of φ ′ (t) on (0, r 0 ), we have
Recall that φ ≥ 0, and then from (3.9) we have
and furthermore,
When equality holds, we have that a(ξ ) = r 0 for almost all ξ ∈ S n−1 q . Hence a(ξ ) ≡ r 0 for all ξ . We can then conclude that J(t, ξ ) = f (t), and by Theorem 2.6, we know that B(q, r 0 ) is isometric to V n (q − , r 0 ). This completes the proof of Theorem 3.2.
Remark 3.3.
We would like to point out the following facts about Theorem 3.2.
(1) Theorem 3.2 is sharper than theorem 1.1 in [19] or theorem 3 in [22] . In fact, if an ndimensional complete Riemannian manifold M has a radial Ricci curvature lower bound (n − 1)k(t) w.r.t. a point q ∈ M, where k(t) is a continuous function on the interval [0, r 0 ), and let k 0 := inf 0≤t<r 0 k(t), then by Theorem 3.2 we have
where V n (k 0 , r 0 ) is a geodesic ball with radius r 0 in the n-dimensional space form with constant curvature k 0 , and the other symbols have the same meanings as those in Theorem 3.2. However, by theorem 1.1 in [19] or theorem 3 in [22] , one can only have
We will show this fact clearly by Example 4.4 of the next section.
(2) Our comparison result (3.2) is valid regardless of the cut-locus, since the Lebesgue measure of the cut-locus is 0 with respect to the n-dimensional Lebesgue measure of the manifold M, which implies that integrations over the cut-locus vanish. Proof. The latter conclusion follows from Theorem 3.2 and Lemma 2.2. Moreover, by Theorem 2.6, we have J(l, ξ ) = 0 for all ξ ∈ S n−1 q , which implies that exp q (lξ ) is a conjugate point of q.
Estimates for the first eigenvalue of the p-Laplacian
In this section, we would like to use Theorem 3.2 and some other existing estimates to get bounds for the first eigenvalue of the p-Laplacian of geodesic balls on a Riemannian manifold with radial Ricci curvature bounded from below w.r.t. some point. Before that, we need the following concept.
Definition 4.1. The Cheeger constant h(Ω) of a domain Ω (with boundary) is defined to be h(Ω) := inf
where 
Let D vary over all smooth subdomains of Ω whose boundary ∂ D does not touch ∂ Ω, and define the Cheeger quotient of D as Q(D) := vol(∂ D)/vol(D). We call a subset w of Ω a Cheeger domain of Ω if Q(w) = h(Ω).
The existence, (non)uniqueness and regularity of Cheeger domains are interesting and important topics in Differential Geometry, but here we do not want to focus on them. Generally, it is difficult to get the Cheeger domain for a prescribed domain on a general Riemannian manifold. But for some special cases, it is not difficult. For instance, the Cheeger domain w for a unit square S 1 ⊆ R 2 is a square with its corners rounded off by circular arcs of radius ρ = (4 − 2 √ π)/(4 − π), which has been pointed out in [15] . Especially, for a ball B R with radius R in the Euclidean n-space R n , its Cheeger domain coincides with itself, which implies that its Cheeger constant is h(B R ) = n/R. In [13] , Grigor'yan has obtained estimates for the so-called principal p-frequency (1 < p < ∞) of geodesic balls on spherically symmetric manifolds. The principal p-frequency there is actually the first eigenvalue of the p-Laplacian. More precisely, if B R = V n (q − , R) be a geodesic ball centered at the point q − with radius R on the prescribed n-dimensional spherically symmetric manifold M − with the metric (2.7), then the first eigenvalue λ 1,p (B R ) of the p-Laplacian of this geodesic ball satisfies
where m p (B R ) and a p are given by
, and
respectively (cf. sections 2 and 7 in [13] ). Hence, by Theorem 3.2, Theorem 4.2 and (4.1), we have the following estimates.
Theorem 4.3. Let M be a complete n-dimensional Riemannian manifold with a radial Ricci curvature lower bound
w.r.t. q ∈ M. Then, for any 1 < p < ∞, the first Dirichlet eigenvalue λ 1,p (B(q, R) h(B(q, R) ) p 
) of the p-Laplacian of the geodesic ball B(q, R) on M satisfies
for any ball B(R) ⊆ R n with radius R, where C(n, p, R) is given by
n n e n−1
Here we would like to use an example given in [18] to show that our Theorem 4.3 is useful.
Example 4.4. In general, it is difficult to get the Cheeger constant of a geodesic ball on a curved manifold. So, for a Riemannian manifold with a radial Ricci curvature lower bound w.r.t. some point, (4.2) may not give us any interesting information on the lower bound for the first eigenvalue of the p-Laplacian, while it can give us an upper bound numerically by using Mathematica.
Denote by E 3 the 3-dimensional Euclidean space with a Cartesian coordinate system {x, y, z} with the origin o. Now, consider a circle C in the xoy-plane given by (x − 1) 2 + y 2 = 1/4, and then rotating it w.r.t. the y-axis results in a ring torus T with the major radius 1 and the minor radius 0.5. Of course, we can parameterize the torus T in E 3 by
with u, v ∈ [0, 2π). So, the Gaussian curvature of T is given by
Now, we want to use our estimates (4.2) to give an upper bound for the first eigenvalue of the pLaplacian on a geodesic ball B(q, δ ) with radius δ and center q ∈ T . Here we choose 0 < δ < π/2, otherwise the geodesic ball will overlap. According to the position of the point q, we divide into three cases to derive the upper bound here.
Case (I): If q is one of those points which are farthest from the y-axis, that is, q locates on the circle C 1 in xoz-plane defined by x 2 + z 2 = 9/4. Without loss of generality, we can choose q to be the point (3/2, 0, 0) , which implies that q is also on the circle C .
In this case, the parameter v satisfies v = 0 at q. Define a function k(v) := 4 cos v/(2 + cos v), which is decreasing on the interval [0, π] and increasing on the interval (π, 2π). Clearly, k(v) attains its minimum k min = −4 at v = π. At the point (1/2, 0, 0) of the circle C , the parameter v attains value π. We know that the two arcs of C starting from q are two geodesics of T , and if we move away from q on T with a distance t (0 < t < π/2), the angle parameter v increases or decreases most quickly, with a quantity 2t, along these two arcs. Therefore, for the function k(v) defined above, together with its monotonicity on the interval [0, 2π), we have the Gaussian curvature K satisfies
where t = d(q, ·) is the distance to q on T . This implies that the best sectional curvature lower bound K 1 lower (t) can be chosen to be K 1 lower (t) = 4 cos 2t/(2 + cos2t). Case (II): If q is one of those points which are nearest to the y-axis, that is, q locates on the circle C 2 in xoz-plane defined by x 2 + z 2 = 1/4. Without loss of generality, we can choose q to be the point (1/2, 0, 0), which implies q ∈ C .
In this case, by using a similar method as in Case (I), the Gaussian curvature K satisfies 5) which implies that the best sectional curvature lower bound K 2 lower (t) can be chosen to be K 2 lower (t) = −4.
Case (III): If q is neither a point on the circle C 1 nor a point on the circle C 2 . Without loss of generality, we can choose q to be a point, which is different from the points (3/2, 0, 0) and (1/2, 0, 0), on the circle C .
Assume v = α at q with 0 < α < π or π < α < 2π. By the symmetry of T w.r.t. the xoy-plane, without loss of generality, we can assume 0 < α < π. In this case, by using a similar method as in Case (I), the Gaussian curvature K satisfies 6) which implies the sectional curvature lower bound K 3 lower (t) can be chosen to be
Correspondingly, by using Mathematica to solve the initial value problem with, without loss of generality, choosing α = π/2 for K 3 lower (t), we can get f i (t) numerically for the above three cases, and then the upper bounds for the first eigenvalue follow easily (see Table 1 below). Actually, one could get the graphs of f 1 (t), f 2 (t), and f 3 (t) as Figure 1 below. Correspondingly, the model surfaces for the geodesic ball B(q, r 0 ) in the above three cases can be chosen to be M
for 0 ≤ t < r 0 , then by the Sturm-Picone comparison theorem, we know that f 2 (t) ≤ f 3 (t) ≤ f 1 (t) for 0 ≤ t < r 0 (see also Figure 1 ). As we have pointed out in Section 2, if the Gaussian curvature is nonnegative around q ∈ T , then the model surface could be locally embedded into a surface of revolution in R 3 . So, here we could only get a picture for M When f ′ (t) starts to be greater than 1 for some t = t 0 , the model surface stops being isometrically embeddedable in R 3 , which implies that its picture can not be drawn when t ≥ t 0 . We call this t 0 "stopping time". The "stopping time" t 0 for our model surface M − 1 here is t 0 ≈ 1.097 (cf. example 6.1 in [9] or example 2.5.1 in [18] ). For more information about the properties of the model manifolds of prescribed manifolds, one could see [9, 18] in detail.
Without loss of generality, we can choose α = π/2 in Case (III). Denote the upper bounds of the first Dirichlet eigenvalue of the p-Laplacian in the above three cases by JM1, JM2 and JM3, respectively. Then, for different p and δ , we have the Table 1 below.  Table 1 makes sense, since it is difficult to compute the first Dirichlet eigenvalue of the pLaplacian on a geodesic ball of T , but, this table supplies us a range for the first eigenvalue.
For Case (I) and Case (III), the lower bounds of the Gaussian curvature w.r.t. the base point q ∈ T are given by continuous functions of the distance parameter t, which are not constant functions. By (1) of Remark 3.3, we know that if we apply Theorem 3.2, then the corresponding estimates for the first eigenvalue of the p-Laplacian will be sharper than the estimates obtained by using theorem 1.1 in [19] or theorem 3 in [22] . Of course, one may also use other examples about elliptic paraboloid and saddle shown in [9] to show the advantage of our Theorem 3.2, but, this example about torus is enough.
In addition, for given n, p and R, estimates (4.3) give an interval where the first Dirichlet eigenvalue of the p-Laplacian on the ball B(R) ⊆ R n locates. Although, in [3] , the authors there have shown that one can get the approximate value of the first eigenvalue of the p-Laplacian of the ball B(R) in the Euclidean space via the inverse power method, we still think (4.3) is useful, since it can be used to check the validity of this approximate value of the first eigenvalue at the first glance. 
By constructing a parametrix, the existence of the heat kernel on compact or complete Riemannian manifolds, or even manifolds with boundaries subject to either Dirichelt or Neumann boundary conditions can be obtained (see, for instance, [4] ). In fact, for a complete Riemannian manifold, one can have the following.
Theorem 5.2. ([23]) Let M be a complete Riemannian manifold, then there exists a heat kernel H(x, y,t)
In the next section, we would like to focus on the heat kernels of geodesic balls on complete manifolds, and successfully obtain a comparison result, which can be seen as an extension of Debiard-Gaveau-Mazet's comparison result in [7] and Cheeger-Yau's comparison result in [6] , for the heat kernel with a Dirichlet or Neumann boundary condition -see Theorem 6.6 for the precise statement. There is a connection between the heat kernel and the eigenvalues of the Laplace operator. One can get a glance about this relation from the following conclusion (cf. [4] , p. 169). H(p, y,t) the heat kernel on M, and by H + (p + , q,t) and H − (p − , q,t) the heat kernels on M + and M − , respectively. In this section, we would like to give an upper and lower bound for the heat kernel. However, before that, we need to use the following facts in [6] .
First, we need the following concept, which is used to describe model spaces considered in [6] . 
closed Ricci model) if, for some x, M = B(x, R) and B(x, R) is an open model (resp., Ricci model).
Clearly, by Definition 2.1, we know that a spherically symmetric manifold must be an open or closed Ricci model with respect to its base point.
We also need the following lemma which shows us the positivity of the heat kernel. 
